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Abstract 

We consider black holes in EYM theory with a negative cosmological 
constant. The solutions obtained are somewhat different from those for which 
the cosmological constant is either positive or zero. Firstly, regular black hole 
solutions exist for continuous intervals of the parameter space, rather than 
discrete points. Secondly, there are non-trivial solutions in which the gauge 
field has no nodes. We show that these solutions are linearly stable. 
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1 Introduction 

Non-Abelian Einstein- Yang-Mills (EYM) theories have been the subject of 
detailed study since the discovery of particle-like U and black hole @ so- 
lutions when the gauge group is su(2). Since then, there has been a great 
deal of numerical and analytic work on various aspects of su(iV) EYM black 
holes and solitons, in both asymptotically flat and asymptotically de Sitter 
geometries (see @ for a wide-ranging, recent review of work to date, and 
[Q for some analytic results). The behaviour of the cosmological solutions 
is similar in many respects to that for asymptotically flat geometries, for 
sufficiently small, positive, cosmological constant 0, |5| and in particular, the 
configurations are unstable 0. Our main result is that there are black hole 
solutions of 5u(2) EYM theory with a negative cosmological constant which 
are stable. 



In this paper we are concerned with EYM black holes in spacetimes which 
are asymptotically anti-de Sitter (AdS). AdS space has recently enjoyed a re- 
vival due to the work of Witten and others in connection with conformal field 
theories and large N gauge theories (see, for example, ||). Initial interest 
in black holes that are asymptotically AdS was due to the result that (suffi- 
ciently large) Schwarzschild-anti-de Sitter black holes are thermodynamically 
stable |J, which has been the inspiration for much of the recent work. An- 
other trigger was the discovery of three-dimensional black holes constructed 
from AdS space |H|, which have interesting thermodynamical properties. 



This suggests that, although geometries with a negative cosmological con- 
stant have some undesirable properties (such as closed timelike curves, al- 
though these are readily removed by considering the covering space) it has 
many advantages for studying quantum field theory and may prove to be a 
useful probe of quantum gravity effects. Black holes with hair in such theo- 
ries may therefore be useful for probing not only quantum gravity, but also 
may be interesting tests of the AdS-CFT conjecture |TTL particularly since 
we can find such objects which are classically stable. 

Here we restrict attention to su(2) EYM theory for simplicity, and inves- 
tigate black hole solutions which asymptotically approach AdS space. Nu- 
merical calculations will be backed up with analytic work. We find some 
surprising results, which are rather different from the corresponding ones for 
asymptotically flat and de Sitter black holes, of which stability of some of 
our solutions is the most important. 

The outline of the paper is as follows. Firstly, in section ^ we outline the 
field equations and ansatze for the field variables we shall be using, before 
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discussing the numerical solution of these field equations, integrating out 
from the event horizon. The results found are rather different from those ob- 
served in the case of a positive cosmological constant [J. For example, here 
the solutions are distributed continuously in the space of initial parameters, 
rather than discretely, and there are solutions in which the gauge field has 
no zeros. These numerical results are backed up with analysis of the defining 
differential equations in section || This section emphasizes the differences in 
the behaviour of the field equations when the cosmological constant is posi- 
tive, negative, or zero. Those solutions for which the gauge field has no zeros 
are particularly interesting since they are shown to be stable, by a mixture 
of analytic and numerical techniques, in section |j. Finally, our conclusions 
are presented in section ^. 

The metric signature is ( — h ++) throughout, and we use units in which 
G = 1 = c. 



2 Solving the field equations 
2.1 Preliminaries 

The Einstein equations with a cosmological constant A take the form 



For simplicity we restrict attention to spherically symmetric solutions of these 
equations, in the case that A < 0. We require the geometry to approach (the 
covering space of) AdS spacetime at infinity, and therefore a suitable ansatz 
for the metric is 

* = - (i - ^ _ J£\ s J(rK + A _ ^ _ - dr2 

+r 2 (d6 2 + sin 2 6 d(P 2 ) , (2) 

where m(r) will be the 'quasi-local mass' for the geometry relative to anti- 
de Sitter spacetime itself. The most general static, spherically symmetric 
ansatz for the su(2) Yang-Mills gauge field, with a purely magnetic field and 
an appropriate choice of gauge, is 

A = (1 + u) [-T d6 + t 8 sin 9 d<f>] (3) 

where u is a function of r alone, and the T r $^ are given in terms of the usual 
Pauli matrices r 1>2 , 3 by T rfi ^ = T.e rfi ^. 
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The theory has, in addition to Newton's constant G (which we have set 
equal to unity by an appropriate choice of units), a gauge coupling constant 
g and cosmological constant A, all of which are parameters. We shall set 
the gauge coupling constant g also equal to unity, leaving A as the only 
parameter. This is the approach taken by the authors of ref. |J. In || 
a different combination of coupling constants was used as the single free 
parameter. 

The field equations then take the following form, with ' denoting d/dr: 

m , = / _ Mr)_^^ + (^if (4) 

V r 3 / 2r z 



S' 2cu 



12 



S r 



(5) 



2m(r) Ar 2 \ „ / 2Ar 3 (lu 2 - l) r 



+ (1-u 2 )uj. (6) 

These equations are invariant under the transformation u — > —u, although 
the ansatz (||) is not. The gauge potentials (0) for ±u are related by a gauge 
transformation of the form || 

A — > UAU~ X + UdU~ x , U = exp [vrr r ] . (7) 

Since we are interested in black hole solutions, there are two length scales to 
consider, firstly, the event horizon radius r^, and secondly the length scale 
l~ 2 = — -J. For simplicity, in our numerical work in section |2.2| , we shall 
set r/j = 1 and vary A in order to change the relative magnitude of the two 
length scales. However, the analytic results that follow will hold for all r^. 

For black hole solutions having a regular event horizon at r = r^, 

m (r h ) = -f ~ —r > Vr h > (8) 
2 o 

since A < 0. In order to have a regular event horizon at r = r^, it must be 
the case that 

d / 2m Ar 



dr \ r 



> 0. (9) 



This places a bound on m'(r/j): 



2m'(r h )= [uj{rh)2 2 1] <1-Ar 2 . (10) 

ri 
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From the field equations, for fixed r^, there is just one initial parameter, 
uj h = u>(r h ), since then u)'{r h ) is given by 



-'M = EdzJK . (ID 

r . — Ar 3 — O J- 

Since the cosmological constant is negative, we do not expect there to be a 
cosmological event horizon. This places a bound on m(r), namely, 

t Ar^ 

m(r) < . (12) 

V ; 2 6 V ; 

This is quite a weak restriction, whereas when A is positive, there will always 
be a cosmological horizon, and fairly strict conditions have to be placed on 
the field variables at the cosmological horizon in order that it is regular. 
When A = 0, the restriction ([Tj^) is stronger than for A < 0, and will be 
violated for generic initial data |12| . As r — ► oo, the solutions are expected 
to be charged as in the A > case ||, and the field variables will have the 
following asymptotic forms: 

m(r) = M + — + ( \ 

, . a b ^ ( 1 

u(r) = uj oc + - + — + 0( — 

S(r) = 1 + (13) 

where oj^, M and a are parameters and 

= 3^(1-^) 

2A v ; 



2.2 Numerical Results 

The field equations (f§-|6]) were integrated numerically, fixing r h = 1, so that 
A was the only parameter in the problem, and I (where l~ 2 = — -j) is the only 
varying length scale. Using the initial conditions on the event horizon (|3|,|il~|), 
the equations were integrated for increasing r, for various values of |A| in 
the range 10~ 4 -10 6 , and a range of values of u h . Since the equations (§-§|) 
are invariant under the transformation ia — > —u, only values of Uh > were 
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considered. The equation for S decouples from the rest, and the requirement 
that S — > 1 as r — ► oo can be relaxed during the numerical integration, S 
subsequently being multiplied by an appropriate constant factor so that the 
correct asymptotic behaviour is recovered. Some of the results found were 
rather surprising, and are listed below. 

1. For |A| sufficiently large (i.e. > 0.1) there exist regular solutions for 
which the gauge field has no zeros (nodes). Examples of this type of 
solution are illustrated in figures [I] to [| for the value A = —100. For this 
large value of |A|, the field variables do not vary much as r increases. 
This is in accordance with proposition ^| in the next section. This is the 
first example of behaviour unique to the negative cosmological constant 
theory. For A > 0, the gauge field must have at least one zero. 

2. For every value of A < 0, there was a critical value, > 0, of Uh, 
such that, for all < ujh < integrating the field equations gave a 
regular black hole solution which was asymptotically AdS. The value 
of u;£ increases as |A| increases. For |A| sufficiently large (i.e. > 0.1), 
0}% > 1. Figure |3| illustrates the solution when A = —100 and = 1.1. 
When A > 0, the regular solutions occur only for discrete values of 
the initial parameter, although these values do have an accumulation 
point at zero. For A = 0, it has been shown |TJ| that it is not possible 
to have regular black holes for which |o?(r)| > 1 for any r, and all 
evidence to date shows that we may expect this to hold also for positive 
cosmological constant || || . 

3. Unlike the situation when A > 0, the regular black hole solutions did 
not occur for discrete values of u>h, but, even for u h > u^, over contin- 
uous intervals of uo^. For smaller values of |A| (~ 10~ 4 ), these intervals 
were separated by intervals on which there were no regular solutions. 
For each A < 0, there is a second, maximal, value of u>h, uj™ > u^, such 
that for all uj^ > oj™ there are no regular black hole solutions. This 
behaviour is also noticed for A > 0, and follows from the condition flTU| ) 
for the existence of a regular event horizon. 

4. There are regular solutions for which \uj oo\ > 1, although < 1. 
Examples of this type of solution can be seen in figures ^| to when 
A = —0.001. Again, when A > 0, this type of solution is forbidden 
since |tf(r)| < 1 for all r inside the cosmological event horizon. 

5. As |A| increases, the values of Uh for which the regular solutions have 
one or more nodes decrease rapidly. 
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Otherwise, many of the properties of the numerical solutions were as found 
in the asymptotically flat [Q] or asymptotically de Sitter || |6[ models: 

1. For each regular black hole solution extending to r — > oo, the gauge 
field u} has a finite number of zeros. 

2. The number of zeros of to increases as u>h decreases. 



3 Analytic explanation of the numerical re- 
sults 

In this section we prove some analytic results which explain the behaviour 
observed numerically in the previous section. We shall stress, where appropri- 
ate, the similarities and differences between our results and the corresponding 
ones for asymptotically flat and asymptotically de Sitter spacetimes. In the 
results of this section, we shall pay little attention to the behaviour of the 
metric function S(r). The regularity of this function can easily be established 
in each case by the appropriate behaviour of the other field variables, and 
integrating its defining equation @, with the inclusion of a constant (see 
discussion in the previous section). 



3.1 Elementary results 

We begin with some simple lemmas, the proofs of which are identical to those 
in the A = case |12[], and which are valid for all values of A. 

Lemma 1 For each fixed value of A, there exists a family of local solutions 
of the field equations (@-[^) satisfying the initial conditions (f^JTlj, defined for 



r h > 0, and u h such that ( fj^ j is satisfied, and analytic in r h , u h , r and A. 



Lemma 2 For each value of A, there exists a family of local solutions of the 
field equations satisfying the boundary conditions ( [I3[ ; |X^ ), and analytic 
in 1/r, ujoo, a, M, and A. 



Lemma 3 As long as 



2m(r) Ar 2 

1 U_ > 0| (15) 

r 6 



the solutions are regular functions ofr. 
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Note that lemma |3| only guarantees regularity of the solutions having a posi- 
tive cosmological constant up to the cosmological event horizon. Conditions 
(similar to those for a black hole event horizon) have to be imposed on the 
field variables if the cosmological horizon is to be regular. It is the necessity of 
these conditions which makes the behaviour of the solutions of the Einstein- 
Yang-Mills equations with positive cosmological constant so different from 
those we discuss here with negative cosmological constant. 

The argument in the next subsection will make use of the asymptotic 
solutions of the field equations as r — > oo. Therefore we consider the Yang- 
Mills equation in the regime r 3> 1, |A|r 2 3> 1, which takes the form: 

- — uj" —J + (1-uj 2 )uj = 0. (16) 

o o 

This equation is made autonomous by the use of the change of variable 

r= 1 -, (17) 
r 



where I 2 = — Then the equation is, 

(- 2 - 1) 



3 ' 

d 2 uj 



dr 2 



to. 



The phase portrait of this equation is shown in figure [|. For A > 0, the 
right-hand side of equation fll8|) has the opposite sign, which means that 
the phase plane is rather different. However, this is less crucial than the 
inevitability of a cosmological event horizon in this case. The phase plane 
for the asymptotically flat case in which A = is discussed in [TjJ. In order 
to make the equation corresponding to (|T6|) in that case autonomous, the 
variable has to be changed to f = logr, rather than (|i7|) . This means that 
as r — > oo, the new variable f — > oo also, whereas in our case r G [0, t±] 
for very large r, as r — > oo, in other words, r remains in a finite interval. 
This is responsible for the surprising results of propositions |J|!] below, since 
phase paths that are close to the saddle points in figure § do not necessarily 
have to travel off to infinity as r — > oo, since r remains finite. However, for 
asymptotically flat black holes, the phase portrait also has saddle points at 
u) — ±1, and u' — (together with a spiral point at uj = = uj' rather than a 
centre), but paths passing close to the saddle points must zoom off to infinity 
because f cannot remain bounded as r increases. 
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3.2 Existence of a continuum of asymptotically AdS 
black holes 



The propositions in this section make use of the asymptotic equation (TT8 
and the reader may ask whether they still apply when A > 0. The answer is 
no, because we can no longer guarantee that if a solution has a regular cos- 
mological event horizon, then integrating the field equations with sufficiently 
close initial parameters will also yield a solution with a regular cosmological 
horizon. Indeed, one may suspect that in general this will not be the case. 
In asymptotically flat spacetime [fL^l , all solutions close to the regular black 
holes are in fact singular because phase paths close to the saddle points must 
reach infinity, as discussed in the previous subsection. 

Proposition 4 For fixed r^ and A < 0, and for every ujh sufficiently small, 
there is a regular, asymptotically AdS black hole solution. 

Proof 

If Uh = 0, then u/(r/j) = and we have the Reissner-Nordstrom AdS 
(RNAdS) solution. From the local existence theorem (Lemma the so- 
lutions depend continuously on uj h and therefore, for sufficiently small u^, all 
field variables remain close to their values for the RNAdS solution with the 
same until r>l and 2m(r)/r <C 1. In this situation the asymptotic form 
of the Yang-Mills equations dl8|) is valid. The phase plane of this equation 
possesses a centre at to = = j^, and therefore u> and to' = — 73-7^7 will 
remain very small for all values of increasing r. Therefore m(r)/r will also 
continue to be extremely small for all r and we have a regular black hole 
solution. □ 

When A = 0, the proof breaks down because uj and u' no longer remain 
small as r increases [[12[], and the solution will in general become singular. 

Proposition 5 For fixed rh and A < 0, if loh leads to a regular black hole 
solution with the gauge field having n nodes, then all uih sufficiently close to 
ujh will also lead to a regular black hole solution with n nodes. 

Proof 

Since the solutions are continuous in uj^ from Lemma |], we can choose r% ^> 1 
such that \A\rf ^> 1 and for all u)h sufficiently close to Uh, the gauge field 
function u has n nodes in the interval < r < r\ and m(r 1 )/r 1 1. There- 
fore, as in the proof of the previous proposition, the asymptotic equation 
(|T8|) is applicable, where r = T\ <C 1. If we have chosen r% sufficiently large, 
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the field variables id and will not move very far on the appropriate phase 
plane trajectory (figure as r decreases from T\ to zero. In particular, uj 
will not cross zero again, provided T\ has been chosen to be sufficiently large. 
In this case m(r)/r will continue to be very small and this will not affect the 
Yang-Mills equation. Therefore we have a regular black hole solution with 
the gauge field having n nodes. □ 

Here again, when A = 0, since uj and u' will grow indefinitely as r in- 
creases, we can no longer guarantee that a regular solution will be formed 
for uj h sufficiently close to Qh- In general, a singular solution will be formed 



3.3 Solutions for |A| > 1 

We close this section by proving the existence of regular black hole solutions 
for which the gauge field has no nodes. These solutions will be particularly 
important as we shall show in the next section that they are (linearly) stable. 
Note that for A = 0, it has been proved |12|] that the gauge field must have 



a least one node. This also appears to be the case for A > ||, although 
there is more limited analytic work in this area . 

Proposition 6 For fixed rn, given any value ofujh, for |A| sufficiently large, 
there exists a regular black hole solution in which uj has no nodes. 

Proof 

First note that for all |A| sufficiently large, the condition (|K]) for a regular 
black hole event horizon at r = is satisfied. The condition (H) for a regular 
event horizon suggests that m ~ |A| as |A| — > oo. In the light of this, define 
a new variable p by p(r) = m(r)/A which will then remain finite as | A| — > oo. 
In terms of p the field equations ((§-§) are, where £ = 4-, 



p = U-y-y - + 



2r 2 



S r 




(19) 

When £ = 0, we have the solution p(r) = —-q, uj{t) = uj^, S{r) = 1 for any 
value of Uh- By a local existence theorem (similar to Lemma [I]), the solutions 
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are continuous in the initial values and £. Therefore, given a value of uih, for 
£ sufficiently small, the solution will remain close to its values for £ = 0, 
until r ^> 1 and p(r)/r <C 1/|A|. In particular, u will have no nodes in this 
regime. Since m(r)/r € 1, we may consider the asymptotic equation (|i"8|). 
The argument used at the end of the proof of Proposition [| then shows that 
we have a solution for all r and u will have no zeros. □ 

Once again, this proposition does not carry over for A > 0. Quite the 
opposite may be inferred from |3], ||, ||, namely that non-trivial solutions 
exist only for sufficiently small values of |A|. This result is the crux of our 
proof that there exist stable black holes in EYM theory with a negative 
cosmological constant. Black holes for which |A| ^> 1 are such that the 
length scale set by the cosmological constant I (given by l~ 2 = —A/3) is 
much smaller than the radius of the event horizon. This means that we have 
in effect a gauge field perturbation of anti-de Sitter space. For illustrative 
purposes, we have used the value A = —100 in figures [TJ-|, which gives I < 1 = 
r/j. However, it should be noted that the same effects occur for comparatively 
small values of | A |, for example, there are black holes for which u has no zeros 
for A = —0.1 which satisfy the criteria for stability. Therefore, the analytic 
results suggest that the stable configurations are merely perturbations of 
anti-de Sitter space, in fact the results hold for black holes in which I > r^, 
so that the geometry is quite different from AdS. The thermodynamics of 
Schwarzschild-AdS |J suggests that relatively large black holes (having > 
/) may in fact be the most interesting since they (in the non-hairy case) are 
thermodynamically stable. 

4 The existence of stable black holes 
4.1 Linearized perturbation equations 

Consider spherically symmetric perturbations of the black holes described 
in the previous section. The metric is now time-dependent but remains 
spherically symmetric: 

ds 2 = -N(r,t)S 2 (r,t)dt 2 + N~ l (r,t)dr 2 + r 2 d6 2 + r 2 sin 2 9 d(j) 2 , (20) 

and we consider the following, more general, ansatz for the gauge field: 

A = a r r dt + br r dr + [vtq — (1 + lo)t^\ d9 + [(1 + u)tq + ur^] sin 6 d(p, (21) 

where ao, b, uj and v depend on t and r. All the field variables will be written 
as follows, for example, 

u{r,t) = w(r) + 5u(r,t) (22) 
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where u(r) is the static equilibrium solution whose stability we are investi- 
gating, and 5uj(r,t) is the perturbation. We shall work to first order only 
in small perturbations. In the case where a$ = 0, the linearized perturba- 
tion equations decouple into two sectors, as in the A = case [0. Firstly, 
the equations for the perturbations 5b and 5u decouple from the remaining 
equations to form the sphaleronic sector (with ' denoting d/dt): 








2NS 2 

5b H — [u (6v' + uSb) - u'Su] 



5u - NS (NS)' [Si/ + co5b] 
NS 2 



N 2 S 2 [Sv" + uj5b' + 2u'Sb] 



+-— Sv (uj 2 - 1) . 



(23) 



(24) 



The variables 5b and Sv must also satisfy the Gauss constraint [[L4 



rS 2 



IP 



2 NS 2 



lo5v = 0. 



(25) 



The remaining perturbations, 5u, 5m and 5S form the gravitational sector. 



4.2 Sphaleronic sector 



Volkov et al |15j used a powerful method to show that the n-th asymptotically 
flat coloured black hole has exactly n unstable modes in this sector. The same 
method will now be used to show that the solutions described in section 2 in 
which the gauge field u has no nodes have no instabilities in this sector. 

Firstly define a new variable a by 

r 2 5b , , 

a = w (26) 

in terms of which the Gauss constraint (]25f) reads 

Su = -—a', (27) 

to 

so that Su = NSa'/u. As usual, next define a "tortoise" co-ordinate r* by 

dr* 1 

(28) 



dr NS 

The perturbation equation (p3|) takes a simple form when we introduce the 
quantity (3 = a/u and consider periodic perturbations /3(r*,t) = e lat (3(r*) 

fff3 =-^ + " — • (29) 
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where we have used the static field equation ([]) for u. This has the form 
of a standard Schrodinger equation. The potential is positive and regular 
everywhere in the case where u has no nodes. As r — > r^, r* — ► — oo, the 
potential tends to zero, and in the other asymptotic regime, r, r* — ► oo, the 
potential approaches the constant value 

-|(l + u4)>0. (30) 

Then a standard theorem of quantum mechanics 0] tells us that there are 
no bound states for this system, since the potential is everywhere greater 
than the lower of its two asymptotic values. In other words, there are no 
negative eigenvalues for a 2 and no unstable modes. 

If the gauge function u has n nodes, then we would expect that the 
method of Volkov et al |1| could be extended to this case to show that 



there are exactly n unstable sphaleronic modes. This is the situation for 
asymptotically flat and asymptotically de Sitter black holes. 



4.3 Gravitational sector 

The perturbations 5m and 5S can be eliminated from the equations for this 
sector to leave a single equation for 8u(r,t) = e %at 8uj{r*)\ 



a 5u 



where the potential U is given by 



d 2 5u 



dr 



*2 



+ U(r*)6u 



(31) 



U 



NS 2 



3uj 2 - 1 - 4ra/ 2 



Ar 

r 



2\ 2 



-uju' (u 2 - 1) 



(32) 

with ' denoting d/dr, as previously. Near the event horizon, as r — > and 
r* — > — oo, the potential U — > 0. At infinity, r — > oo, and U approaches its 
asymptotic value: 

(3u4 - 1) . (33) 

As for the sphaleronic sector, a standard theorem |L6| tells us that the equa- 
tion ( |3~TD will have no bound states if the potential U is everywhere greater 
than the lower of its two asymptotic values. These conditions will be satisfied 
if 

<^oo > l/v3 and U > everywhere. (34) 
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We are particularly interested in those solutions in which the gauge field 
has no zeros, since these are stable in the sphaleronic sector. Figure |10] 
illustrates numerically that there are such black holes which also satisfy our 
two requirements for stability in the gravitational sector. These solutions are 
therefore linearly stable in both sectors of the theory. 

We shall now proceed to show analytically that there exist black holes in 
which the gauge field has no zeros and the gravitational potential satisfies 
the conditions (|34| ) . Firstly, we restrict attention to those solutions for which 
ujh > l/v3. Then, from proposition || for |A| sufficiently large, u will remain 
sufficiently close to its initial value, so that uj(r) > 1/V3 for all r, and in 
particular, tUoo > 1/V3. In this case, cu' will be very small for all r, and the 
dominant behaviour of the potential U will be: 

C/ = ^f![3a; 2 -l+4ArV 2 ]. (35) 

The third term in the brackets is negative, whereas the other two terms 
together are positive. If we can show that this third term can be made as 
small as we like by taking |A| sufficiently large, then U > for all r* and the 
black hole has no unstable modes in the gravitational sector. Therefore, we 
need to show that y|A~[c</ — > as |A| — > oo. 



Firstly, consider the expression (|TT|) for u'(r h 

, K ~ IK L 

ru - Ar 3 - { ^- l)2 ~ Ar 3 

<h lvr h r h h 



H - 1) (36) 



as |A| — > oo. From (p6|), it is clear that a/|AK — > as |A| — > oo. In order 
to show that this is true for other values of r also, we turn to the equations 
(|19D for the field variables, where £ = 1/A and p(r) = m(r)/A. Introduce a 
new variable rj(r) by 77(f) = oj'(r)/ yf£[, in terms of which the equations (|19|) 
read: 



P = U v 

\ r 3 

S r 

= - 2 (^-y-y)^+(2p-^(- 2 -i) 2 -| ! )^ 

+ V^(l-^ 2 )^. (37) 
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When £ = 0, we have the solution p = — rjj/6, uj = Uh, S = 1 and the 
equation for rj decouples from the rest to give 

r [rl - r 3 ) rjf - [r\ + 2r 3 ) r\ = 0. (38) 

This is a linear first order differential equation with solution 

V(r) = -jj^nf, (39) 

where ^4 is a constant of integration. However, we know that 77 must vanish 
at the event horizon from (^), and therefore A = 0, which means that rj 
vanishes identically. Therefore v/jAjtt/ — ► as |A| — > 00, and the potential 
U is positive for sufficiently large |A|. This proves that the black holes for 
which ujh > l/v3 have no unstable modes in the gravitational sector for 
sufficiently large |A|. These black holes will have a gauge field which has no 
zeros and will therefore be stable in both the gravitational and sphaleronic 
sectors. 



5 Conclusions 

In this paper we have studied the su(2) Einstein- Yang-Mills equations and 
looked for spherically symmetric black hole solutions which approach anti- 
de Sitter space at infinity. The numerical integration of the field equa- 
tions yielded behaviour rather different from that observed for black holes 
in asymptotically flat or asymptotically de Sitter spacetime. For example, 
there are regular black hole solutions for continuous intervals of the initial 
parameter space, rather than discrete points; there are solutions for which 
the gauge field has no zeros; solutions exist for all values of A < 0; and the 
gauge field uj does not necessarily satisfy |u;| < 1. Analysis of the field equa- 
tions has confirmed this observed behaviour. In particular, we showed that 
the solutions in which the gauge field has no zeros are (linearly) stable. 

The results of this paper may also have consequences for the "no-hair" 
conjecture. It is already suspected [|17|] that the asymptotic nature of the 



spacetime can affect the existence of hair. In [17fl it is shown that the "no- 



scalar-hair" theorem of Bekenstein [IS] is no longer valid for asymptotically 



de Sitter space, and specific solutions exhibited. However, although these 
solutions evade the "letter" of the no-hair conjecture, they do not alter its 
"spirit" since they are unstable. The fact that we have found stable solutions 
in EYM theory when the cosmological constant is negative suggests that it 
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may be possible to find primary scalar hair in asymptotically anti-de Sitter 
geometries. We hope to return to this question in the near future. 



The behaviour of a quantum field on a non-trivial black hole background 
geometry with a negative cosmological constant remains an interesting open 
question, since it incorporates both hair (which itself has radical effects 
on quantum field theory [JT9], j20fl ) and anti-de Sitter space (which renders 
Schwarzschild black holes thermodynamically stable |9|]). The stability of 
the solutions we have found means that a study of the quantum field theory 
would have more wide-ranging implications, particularly since interesting ef- 
fects have been observed in theories with a negative cosmological constant 
(see, for example PTJ). It may also be relevant to some of the deep issues 



being tackled presently in the light of Maldacena's |TT| conjecture that ther- 
modynamics of quantum gravity with a negative cosmological constant is 
equivalent to the large N thermodynamics of standard quantum field theory. 
We hope to return to this question in a subsequent publication. 
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Figure 2: As figure [T], but with ojh = 0.9. 
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Figure 3: Black hole solution in which \u\ > 1 for all r. Here A = —100, and 
u h = 1.1. 
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Figure 4: Black hole solutions in which the gauge field uj has no nodes, 
for A = —100. Here we plot m(r) — m(rh), with m(rh) = 103/6 for this 
value of A. In this figure, and also figures |^ and n| the solid line represents 
the solution for = 0.8, the dotted line u>h = 0.9 and the bold solid line 
u h = 1.1. 
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Figure 5: The same solutions as figure [|, but here log S(r) is plotted. 
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Figure 6: Black hole solutions in which |tf(r)| > 1 for r sufficiently large, 
although |o;(r^)| < f. Here, and in figures |7| and ||, we use cosmological 
constant A = —0.001. The solid line represents the solution with u>h = 0.5 
(the gauge field having 2 nodes) and the dotted line corresponds to uih = 0.64 
(1 node). 
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Figure 7: The metric function m(r) plotted for the solutions of figure |6]. For 
this value of A, note that m(r^) ~ 0.5. 
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Figure 8: The same solutions as figures |]and [7|, but with the metric function 
log S(r) plotted. 
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Figure 10: The potential U (r) arising in the gravitational perturbation equa- 
tions ( PTD and plotted for the black holes of figures [TJ, g and |3|. The key 
fact here is that U is everywhere positive, so that these solutions are stable 
in the gravitational sector. 
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